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1. Introduction
Given a metric space M , we deﬁne formally the quantity
lim
r→∞
1
r
logλ
(
B(x, r)
)
,
where B(x, r) denotes the metric ball centered at x of radius r in the universal cover X (if it exists) with an “induced”
metric from M and λ is a “volume” measure on X . Remarkably, this simple asymptotic invariant carries a lot of geometric
information. For instance, if X is the universal cover of a compact Riemannian manifold M of non-positive curvature and λ is
the Riemannian volume on X , then the limit exists independently of x ∈ X and which coincides with the topological entropy
of the geodesic ﬂow on the unit tangent bundle of M [12]. It is therefore called the volume entropy. The ﬁrst purpose of this
paper is to generalize the fundamental results established in [3,9,12] on the volume entropy from Riemannian spaces to
non-Riemannian ones. We then give a criterion for when the entropy turn to be positive. More precisely we aim at showing
the positivity of the entropy for the orbit space of a geodesically complete Hadamard metric space of rank 1 in the sense of
Ballmann and Brin [5]. This is the second purpose of this paper.
Let M be a compact metric space of non-positive Alexandrov curvature. Then by the Cartan and Hadamard theorem its
universal cover X endowed with the induced length metric, which makes the covering map p : X → M a local isometry,
is a proper CAT(0) space. The resulting space X is called the Hadamard metric space. Moreover the metric space M can
be represented as the orbit space Γ \ X , where Γ is the group of deck transformations which acts freely and properly
discontinuously by isometries on X . (We say that the action of Γ on X is geometric if it acts properly discontinuously and
cocompactly.) It is well known that the group Γ is isomorphic to the fundamental group π1(M) of M .
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628 M. Hirayama / Topology and its Applications 158 (2011) 627–635Theorem 1.1. Let M = Γ \ X be a compact metric space of non-positive Alexandrov curvature such that X is a Hadamard metric
measure space endowed with a Borel measure λ of bounded local distribution and Γ is a group acting freely and geometrically by
isometry on X preserving the measure λ. Then the limit
hλ = lim
r→∞
1
r
logλ
(
B(x, r)
)
exists independently of x ∈ X.
Assume further that Γ is non-amenable. Then hλ is positive. Moreover if X is assumed to be geodesically complete, then the topo-
logical entropy of the geodesic ﬂow on Γ \ X coincides with hλ , and hence it does not vanish.
We refer the reader to [8] on the positivity for the volume entropy of the graph manifolds. Topological entropy is closely
related to the distribution of the periodic orbits of a “hyperbolic” ﬂow in general. See [6] for the study on the periodic
rank 1 geodesics.
Background materials and deﬁnitions are given in Section 2. Section 3 is devoted to the study on a relation between hλ
and the topological entropy of the geodesic ﬂow on Γ \ X . In Section 4 we show Theorem 1.1, and apply it to a rank 1
orbispace. Then we see that the topological entropy of the geodesic ﬂow on the rank 1 orbispace (X,Γ ) is positive if the
boundary at inﬁnity of X contains more than two points (Corollary 4.4).
2. Deﬁnitions
2.1. Let (X,d) be a metric space. Here and below we shall use d instead of dX except in cases where ambiguity may
arise. A metric space is said to be proper if for every x ∈ X and every r > 0 the closed metric ball B(x, r) is compact.
For a continuous curve c : [0,1] → X we deﬁne the length by
l(c) = sup
k−1∑
i=0
d
(
c(ti), c(ti+1)
)
,
where the supremum is taken over all subdivisions
0 = t0  t1  · · · tk = 1
of [0,1]. In this paper we call a continuous curve c : [0, t] → X joining x ∈ X and y ∈ X geodesic if it is minimizing geodesic
of unit speed such that c(0) = x, c(t) = y. More precisely the curve c satisﬁes
(1) d(c(r), c(s)) = |r − s| (minimizing),
(2) l(c|[r, s]) = |r − s| (unit speed)
for all r, s ∈ [0, t] (in particular, d(x, y) = l(c) = t). The image of the interval under the map c is called a geodesic segment
with endpoints x and y. A geodesic ray in X is a map c : [0,∞) → X such that d(c(r), c(s)) = |r − s| for all r, s ∈ [0,∞).
A geodesic line in X is a map c : R → X such that d(c(r), c(s)) = |r − s| for all r, s ∈ R.
We say that X is geodesic if every two points in X are joined by a geodesic path. We say that X is uniquely geodesic if
for every pair of points x, y ∈ X , there is exactly one geodesic path joining x and y. For κ ∈ R, we denote by Mnκ the model
space of dimension n and constant sectional curvature κ .2 Note that Mnκ is a geodesic metric space and, in particular, if
κ  0, then Mnκ is uniquely geodesic. We say that X is geodesically complete if every geodesic segment of X is part of an
image of a geodesic line in X .
A geodesic triangle  in X consists of three geodesic segments σ1, σ2 and σ3 in X , called the edges or sides of the triangle,
whose endpoints match in the usual way (these three points are said to be the vertices of the triangle). Such a geodesic
triangle will be denoted by (σ1, σ2, σ3) or, less accurately if X is not uniquely geodesic, by (p,q, r) where p,q, r ∈ X are
the vertices of the triangle. If a point x ∈ X lies in the union of σ1, σ2 and σ3, then we write x ∈ (σ1, σ2, σ3).
If  = (σ1, σ2, σ3) is a geodesic triangle in X , a triangle ˆ(σˆ1, σˆ2, σˆ3) in M2κ is called an Alexandrov triangle or a
comparison triangle for  if l(σi) = l(σˆi) for i = 1,2,3. Such a triangle always exists and is unique up to isometry if the
perimeter
P () = l(σ1) + l(σ2) + l(σ3) < 2π/
√
κ.
Here and below we use the convention 2π/
√
κ = ∞ for κ  0. A point xˆ ∈ σˆ1 is called a comparison point for x ∈ σ1 if
d(p, x) = d(pˆ, xˆ) where p is an endpoint of σ1 and pˆ is a corresponding endpoint of σˆ1. A triangle  in X is called ﬂat if 
bounds a convex region in X isomorphic to the triangular region bounded by the comparison triangle in M20(= E2).
2 Mnκ is the sphere of radius 1/
√
κ in (n + 1)-dimensional Euclidean space if κ > 0, n-dimensional Euclidean space En if κ = 0, and n-dimensional
hyperbolic space (of curvature κ ) if κ < 0.
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triangle  satisﬁes the CAT(κ)-inequality, or simply: is CAT(κ), if for all points x, y ∈  and the comparison points xˆ, yˆ ∈ ˆ,
d(x, y) dM2κ (xˆ, yˆ).
For κ ∈ R, we say that X is a CAT(κ)-space if
(1) for all x, y ∈ X with d(x, y) < 2π/√κ , there is a geodesic path cxy joining x and y of length d(x, y);
(2) all triangles in X satisfy the CAT(κ)-inequality.
See [2]. It can be shown that for κ  0, the CAT(κ)-space is simply connected and all of its higher homotopy groups are
trivial. Simply connected and complete CAT(0) metric spaces are often said to be Hadamard spaces. We say that X has
Alexandrov curvature at most κ and write KX  κ if it is locally CAT(κ), that is for every point x ∈ X there exists r(x) > 0
such that the metric ball B(x, r(x)), endowed with the induced metric, is a CAT(κ)-space. Note that if X is a Riemannian
manifold, the Alexandrov curvature of X is at most κ if and only if the sectional curvature of X is at most κ .
Let M be a compact metric space of non-positive Alexandrov curvature. Then by the Cartan and Hadamard theorem ([1],
see [4,7] also) its universal cover X with the induced length metric, which makes the covering map p : X → M into a local
isometry, is a proper CAT(0) space, therefore it is proper Hadamard. Here the induced length metric is deﬁned as follows:
given a continuous path c : [0,1] → X , we deﬁne its length l(c) to be the length lM(p ◦ c) where lM denotes the length with
respect to the metric on M . We then deﬁne the metric on X by setting
d(x, y) = inf
c
l(c),
where the inﬁmum is taken over all continuous paths joining x and y.
Let (X,d) be a geodesic metric space. We say that the metric is convex if each pair of geodesics c1, c2 : [a,b] → X satisfy
the inequality
d
(
c1
(
(1− t)a + tb), c2((1− t)a + tb)) (1− t)d(c1(a), c2(a))+ td(c1(b), c2(b))
for all t ∈ [0,1]. It is well known that the metric on a CAT(0)-space is convex.
Let X be a Hadamard metric space and Γ a group acting on X . We say that the action of Γ on X is properly discontinuous
if for every compact subset K ⊂ X there are only ﬁnitely many γ ∈ Γ such that K ∩ γ K 	= ∅, which is cocompact if the
quotient space Γ \ X is compact, and which is free if γ x 	= x for every x ∈ X and γ ∈ Γ \ {e}, where e denotes the group
unit of Γ . The action of Γ on X is said to be geometric if it acts properly discontinuously and cocompactly. We say that Γ
acting by isometry on X if γ : X → X is an isometry of X for every γ ∈ Γ . An orbispace is a pair (X,Γ ), where X is a simply
connected topological space and Γ is a group of homeomorphisms of X acting properly discontinuously.
Let γ : X → X be an isometry of X . Then the displacement function dγ : X → [0,∞) deﬁned by dγ (x) = d(x, γ x) is convex
in the sense that dγ ◦ c is convex for any geodesic c in X . The number l(γ ) = inf{dγ (x): x ∈ X} is called the translation
length of γ . Isometries are classiﬁed into three disjoint classes according to the following possibilities for dγ . If dγ achieves
its minimum in X , then γ is called semi-simple. Furthermore, in this case, if the minimum is 0, then γ has a ﬁxed point and
is called elliptic, and if the minimum is positive, then γ is called axial or hyperbolic. If dγ does not achieve its minimum,
then γ is called parabolic. If a group Γ acts geometrically by isometries on a metric space X (with no assumption on its
curvature), then every element in Γ is semi-simple. Hence, moreover, if Γ acts freely, then every element in Γ \ {e} is axial.
2.2. Let M be a compact metric space of non-positive Alexandrov curvature and X its universal cover. Assume that X is
geodesically complete. We denote by G(X) the set of geodesic lines of X . The geodesic ﬂow g = gX = {gt}t∈R acts on G(X)
by reparametrization,
gt(c)(s) = c(s + t)
for all s ∈ R.
Deﬁne Dp : G(X) → G(M) by
Dp(c)(s) = p(c(s))
for all s, where p : X → M is the covering map. We then deﬁne the geodesic ﬂow gM = {gtM} on G(M) by setting
gtM(c)(s) = Dp
(
gt c˜
)
(s)
for all s ∈ R, where c˜ ∈ Dp−1(c) is an element in G(X) that covers c. We deﬁne a metric on G(Y ) as
dG(Y )(c1, c2) =
∫
R
dY
(
c1(s), c2(s)
)
e−|s| ds
where Y = X or M (see [11, §8]). It can be shown that the metric space (G(M),dG(M)) is compact.
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space and ϕ = {ϕt}t∈R a continuous ﬂow (R-action) on Q . For T > 0 we deﬁne a new metric dT on Q by
dT (x, y) = max
{
d
(
ϕt(x),ϕt(y)
)
: t ∈ [0, T ]}.
Given T > 0 and ε > 0, a subset F ⊂ Q is said to be (T , ε)-spanning if for each x ∈ Q there is y ∈ F such that dT (x, y) ε.
Let q(T , ε) denote the minimal cardinality of any (T , ε)-spanning set. The number is well deﬁned since Q is compact.
Deﬁne
h(ϕ) = lim
ε→0 limsupT→∞
1
T
logq(T , ε),
where the limit exists by the monotonicity on ε. The resulting non-negative number is called the topological entropy
of ϕ .
There is an equivalent (but “dual”) deﬁnition. A subset E ⊂ G is said to be (T , ε)-separated if for distinct x, y ∈ E we
have dT (x, y) > ε. Let s(T , ε) denote the maximal cardinality of any (T , ε)-separated set. We then have
h(ϕ) = lim
ε→0 limsupT→∞
1
T
log s(T , ε).
2.3. When we speak of measures on a metric space, we shall always assume the space is Polish and the measures are
σ -ﬁnite Borel. Such spaces are called the metric measure spaces.
Let X be a metric measure space endowed with a Borel measure λ. We call the measure λ has a locally bounded distri-
bution if there exists a constant R > 0 such that for all r ∈ (0, R] there are positive constants V1 = V1(r), V2 = V2(r) such
that
V1  inf
x∈X λ
(
B(x, r)
)
 sup
x∈X
λ
(
B(x, r)
)
 V2.
For instance, the Lebesgue measures, particularly the Liouville measures on the unit sphere bundle, uniformly distributed
measures (which includes the n-dimensional Hausdorff measures on Rn) have the locally bounded distribution (see [13]).
3. Preliminaries
We shall always think of the fundamental group of a compact metric space M of non-positive Alexandrov curvature as a
discrete group of isometries of the universal cover X , which is by deﬁnition the simply connected cover equipped with the
induced metric structure that makes the covering map a local isometry.
Proposition 3.1. Let X be a complete geodesic metric measure space endowed with a Borel measure λ having a locally bounded
distribution and Γ a group acting freely and geometrically by isometry on X preserving the measure λ. Then the limit
lim
r→∞
1
r
logλ
(
B(x, r)
)
(3.1)
exists independently of x ∈ X.
Proof. The argument below is essentially same as the proof by Manning [12] for the smooth case. We, however, present
here for completeness.
Let K ⊂ X be a compact set whose translates under Γ cover X , and we denote by k its diameter. It is easy to see
B(x, r − k) ⊂ B(y, r) ⊂ B(x, r + k)
for all r > k and x, y ∈ K . We thus have
λ
(
B(x, r − k)) λ(B(y, r)) λ(B(x, r + k))
for all r > k and x, y ∈ X since Γ acting by isometry on X . It follows that the limit (if it exists) is independent of x.
Given δ > 0 small, we choose a maximal subset E ⊂ B(x, r) whose points are pairwise 2δ apart, that is d(y, z) 2δ for
distinct y, z ∈ E . Clearly
#E  λ(B(x, r + δ))
inf{λ(B(z, δ)): z ∈ E}
(note that we assume the measure λ has a locally bounded distribution). Here and below #A denotes the cardinality of the
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B(x, r + t) ⊂
⋃
z∈E
B(z, t + 2δ).
Without loss of generality we can assume that λ(B(x, r)) is unbounded as r → ∞, otherwise the proposition is trivial. Hence
we can choose the positive number δ so small that infz∈E λ(B(z, δ)) = 1. Therefore
λ
(
B(x, r + t)) λ(B(x, r + δ))λ(B(x, t + 2δ + k)),
and then, by setting r + t = (r − δ) + (t + δ),
λ
(
B(x, r + t)) λ(B(x, r))λ(B(x, t + a)), (3.2)
where we put a = k + 3δ. Let n be a positive number such that nt  r < (n + 1)t . Then inductive use of inequality (3.2)
n-times implies
λ
(
B(x, r)
)
 λ
(
B
(
x, (n + 1)t)) λ(B(x,nt))λ(B(x, t + a)) λ(B(x, t))λ(B(x, t + a))n,
and hence
1
r
logλ
(
B(x, r)
)
 1
r
logλ
(
B(x, t)
)+ n
r
logλ
(
B(x, t + a)) 1
r
logλ
(
B(x, t)
)+ 1
t
logλ
(
B(x, t + a)).
It follows that
limsup
r→∞
1
r
logλ
(
B(x, r)
)
 1
t
logλ
(
B(x, t + a))
for all t . Furthermore
limsup
r→∞
1
r
logλ
(
B(x, r)
)
 lim inf
t→∞
1
t
logλ
(
B(x, t + a))= lim inf
t→∞
1
t
logλ
(
B(x, t)
)
,
thereby the limit exists. 
We will denote by hλ the resulting non-negative number (3.1).
Proposition 3.2. Let X be a complete and geodesically complete geodesic metric measure space endowed with a Borel measure λ
having a locally bounded distribution and Γ a group acting freely and geometrically by isometry on X preserving the measure λ. Then
we have h(gΓ \X ) hλ .
Proof. We might as well assume that hλ > 0. We write h = hλ for notational simplicity in this proof.
By Proposition 3.1 we have for any ε ∈ (0,h/100) there is r(ε) > 1 such that
e(h−ε)r  λ
(
B(x, r)
)
 e(h+ε)r (3.3)
for all r  r(ε). Given δ > 0 small enough. Observe that there exists an increasing sequence {r j} j∈N tending to inﬁnity such
that
λ
(
B(x, r j + δ)
)− λ(B(x, r j)) e(h−ε)r j
for all j. Otherwise there exists r0( r(ε)) such that
λ
(
B(x, r + δ))− λ(B(x, r))< e(h−ε)r
for all r  r0. Then it follows that
λ
(
B(x, r + nδ))< λ(B(x, r + (n − 1)δ))+ e(h−ε)(r+(n−1)δ)
< λ
(
B(x, r)
)+
n∑
j=1
e(h−ε)(r+(n− j)δ)
= λ(B(x, r))+ e(h−ε)r
n−1∑
j=0
e j(h−ε)δ
 λ
(
B(x, r)
)+ e(h−ε)(r+nδ)
e(h−ε)δ − 1
by induction on n, and which would contradict, as n tends to inﬁnity, the fact on the growth rate (3.3).
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#E j 
λ(B(x, r j + δ)) − λ(B(x, r j))
sup{λ(B(y,4δ)): y ∈ E j}  V
−1
2 e
(h−ε)r j .
Any two points y, z ∈ X can be joined by a geodesic of length d(y, z) since X is geodesic, and hence x can be joined
to each y ∈ E j by a geodesic cy of length d(x, y) ∈ [r j, r j + δ]. Every such a geodesic segment is a part of an image of
geodesic line since X is assumed to be geodesically complete. We let L j ⊂ G(X) be a set of these geodesic lines. For distinct
c1 = cy1 , c2 = cy2 ∈ L j we have
d
(
c1(r j), c2(r j)
)
 d(y1, y2) − d
(
c1(r j), y1
)− d(c2(r j), y2)> 2δ.
It follows that
dG(X)
(
gr j c1, g
r j c2
)=
∫
d
(
c1(r j + s), c2(r j + s)
)
e−|s| ds

∫ (
d
(
c1(r j), c2(r j)
)− 2s)e−|s| ds

δ/10∫
0
(2δ − 2s)e−s ds
 inf
s∈[0,δ/10](2δ − 2s)
δ/10∫
0
e−s ds
 δ
(
1− e−δ/10),
where
d
(
c1(r j + s), c2(r j + s)
)
 d
(
c1(r j), c2(r j)
)− d(c1(r j + s), c1(r j))− d(c2(r j + s), c2(r j))
 d
(
c1(r j), c2(r j)
)− 2s
is used for the second inequality. Therefore L j is an (r j, δ0)-separating set for the ﬂow g on G(X), where we put δ0 =
δ(1− e−δ/10). According to the fact the geodesics in Γ \ X are δ0 apart that the corresponding geodesics in X are δ0 apart
since p (and hence Dp) never increases distances, we have
h(gΓ \X ) limsup
j→∞
1
r j
log#E j  h − ε.
Since ε > 0 is arbitrary, it holds that h(gΓ \X ) h. 
Proposition 3.3. Let M = Γ \ X be a compact metric space of non-positive Alexandrov curvature such that X is a geodesically complete
Hadamard metric measure space endowed with a Borel measure λ having a locally bounded distribution and Γ is a group acting freely
and geometrically by isometry on X preserving the measure λ. Then we have h(gM) = hλ .
Proof. According to Proposition 3.2 it suﬃces to show h(gM)  hλ . In this proof we write h = hλ for notational simplic-
ity.
Let K ⊂ X be a compact subset whose translates under Γ cover X and k = diam K . It follows from Proposition 3.1 that
given ε > 0 there exists r(ε) > 1 such that λ(B(x, r))  e(h+ε)r for all r  r(ε). Given δ > 0 small, let F ⊂ K be a maximal
2δ-separating set.
For r >max{k, r(ε)} deﬁne
Kr =
{
y ∈ X: d(y, K ) ∈ [r − k, r]}.
Since K is compact, for y ∈ Kr there exists z ∈ K such that r − k d(y, z) r, and hence we can see Kr ⊂ B(x, r + k) for all
x ∈ K . Let E ⊂ Kr be a maximal 2δ-separated set. We then have
#E  λ(B(x, r + k + δ))
inf{λ(B(y, δ)): y ∈ E} 
e(h+ε)(r+k+δ)
inf{λ(B(y, δ)): y ∈ E}  V
−1
1 e
(h+ε)(r+k+δ).
Take an arbitrary geodesic path γ in M such that lM(γ ) = r. Let p : X → M be the covering map.
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covers γ , in the sense that p(γ˜ (s)) = γ (s) for all s ∈ [0, r], such that γ˜ (0) = u.
Proof. Suppose that such a lift has been constructed on an interval [0,q). Let sn ∈ [0,q) be a sequence converging to q as
n → ∞. Then γ˜ (sn) is a Cauchy sequence in X , and hence it converges to a unique point. This is because
d
(
γ˜ (sm), γ˜ (sn)
)
 lM
(
γ |[sm, sn]
)
and the sequence lM(γ |[0, sn]) is Cauchy.
Therefore the lifting can be extended to [0,q] and that shows the maximal subinterval of [0, r] contains zero and on
which a lifting exists is closed. Such interval is also open since p is the covering map, and hence which coincides with the
whole interval. 
Given u ∈ K let γ˜ be the geodesic in X which covers γ so that γ˜ (0) = u by Lemma 3.4. Denote the endpoint by v ∈ X .
We can choose y ∈ F and z ∈ E such that d(u, y) 2δ and d(v, z) 2δ, respectively since both E and F are chosen to be
maximal. Thus it holds that d(y, z) r + 4δ. There exists a unique geodesic path c joining y(= c(0)) and z(= c(d(y, z))) of
length l(c) = d(y, z) ∈ [r − k, r + k] since X is a Hadamard space. Every such a geodesic path associates to a geodesic line
since X is assumed to be geodesically complete, thus let L ⊂ G(X) be the set of these geodesic lines. Set w = c(r). Then we
see
d(v,w) d(v, z) + d(z,w) 2δ + (d(z, y) − d(w, y)) 2δ + r + 4δ − r = 6δ,
where d(z,w) + d(w, y) = d(z, y) is used for the second inequality. It follows that
d
(
γ˜ (s), c(s)
)
 d
(
γ˜ (0), c(0)
)+ d(γ˜ (r), c(r))= d(u, y) + d(v,w) 8δ
for all s ∈ [0, r] since d is convex. Denote by ξ = Dp(c), where we identify c with an element in L. Since the covering map
p never increases distances and γ˜ covers γ , we have
dM
(
γ (s), ξ(s)
)
 d
(
γ˜ (s), c(s)
)
 8δ,
thereby
dG(M)
(
gsMγ , g
s
Mξ
)=
∫
dM
(
γ (s + t), ξ(s + t))e−|t| dt

∫ (
dM
(
γ (s), ξ(s)
)+ 2t)e−|t| dt
 8δ
∫
e−|t| dt +
∫
2te−|t| dt
 16δ,
for all s ∈ [0, r], where
dM
(
γ (s + t), ξ(s + t)) dM(γ (s), ξ(s))+ dM(γ (s + t), γ (s))+ dM(ξ(s + t), ξ(s)) dM(γ (s), ξ(s))+ 2t
is used for the second inequality. It follows that Dp(L) forms an (r,16δ)-spanning set for the ﬂow gM on G(M). Thus we
have
h(gM) = lim
δ→0 limsupr→∞
1
r
logq(r,16δ) lim
δ→0 limsupr→∞
1
r
log(#E × #F ) h + ε,
and since ε > 0 is arbitrary it follows that h(gM) h. 
4. Non-vanishing of hλ
Let Γ be a ﬁnitely generated group and S = {γ1, . . . , γp} a system of generators for Γ . For t > 0 let ωS(t) =
{γ ∈ Γ : lS (γ )  t}, where lS (γ ) denotes the word length of γ associated with S , that is lS (γ ) is deﬁned as the small-
est length of a word in the γi and γ
−1
i that represents γ . Since #ωS is sub-additive, the limit
lim
t→∞
1
t
log#ωS(t)
exists. This limit is independent of the system S of generators since the word length associated to the other system S ′ of
generators is equivalent, up to a constant, to lS . We denote by ω the resulting non-negative number. The group Γ is said to
have exponential growth if ω > 0.
The following lemma is a simple adaptation to our case of well-known fact when X is smooth [9].
634 M. Hirayama / Topology and its Applications 158 (2011) 627–635Lemma 4.1. Let X be a simply connected, complete and geodesic metric measure space endowed with a Borel measure λ having a
locally bounded distribution and Γ a group acting freely and geometrically by isometry on X preserving the measure λ. Then we have
hλ ω/2k,
where k denotes the diameter of a compact subset whose translates under Γ cover X.
Proof. Note ﬁrst that the group Γ is ﬁnitely generated and a system of generators for that is given by S =
{γ ∈ Γ : γ B(q,k) ∩ B(q,k) 	= ∅}, where B(q,k) denotes the open metric ball centered at q ∈ X of radius k (see, for ex-
ample, [7, Chapter I.8]).
Let t > 0 and S be the system of generators for Γ given as above. We have d(q, γ q)  2kt for all γ ∈ ωS (t) since
d(q, gq)  2k for all g ∈ S . Hence #{γ ∈ Γ : d(q, γ q)  2kt}  #ωS (t). Since Γ acts freely and properly discontinuously,
there exists ε > 0 small enough such that B(q, ε) ∩ γ B(q, ε) = ∅ for all γ ∈ Γ \ {e}. Thus B(q,2kt + ε) contains mutually
disjoint ball γ B(q, ε), γ ∈ Γ , at least #ωS (t). We then obtain
#ωS(t)λ
(
B(q, ε)
)
 λ
(
B(q,2kt + ε))
for all t > 0, thereby the desired result follows from Proposition 3.1. 
Corollary 4.2. Let X , λ and Γ be as in Lemma 4.1. Assume that the metric space X is geodesically complete. Then we have h(gΓ \X )
hλ ω/2k, where k denotes the diameter of a compact subset whose translates under Γ cover X.
Proof. It follows readily from Proposition 3.2. 
Let X be a simply connected, complete and geodesic metric measure space endowed with a Borel measure λ having a
locally bounded distribution and Γ a group acting freely and geometrically by isometry on X preserving the measure λ. We
are ready to give a criteria for the positivity of hλ . This generalizes the cases when X is smooth [3].
In this paper the amenability of a ﬁnitely generated group shall be deﬁned via., the so-called isoperimetric inequality
after Gromov. Recall that a ﬁnitely generated group Γ with a system S of generators is said to be amenable if it does not
satisfy the following isoperimetric inequality: there exists a constant C > 1 such that for each ﬁnite subset A ⊂ Γ we have
#A  C#∂S A,
where ∂S A = {γ ∈ A: lS (ηγ−1)  1 for some η ∈ Ac}. We remark that amenability does not depend on the choice of the
system S of generators. Note that if Γ is a non-amenable group, then it has exponential growth. Indeed, by deﬁnition, there
exists a constant C > 1 such that #ωS (t)  C#∂SωS (t) holds for all t > 0. Since ∂SωS (t) ⊂ ωS(t) \ ωS (t − 1), we obtain
#ωS (t) CC−1#ωS (t − 1), and hence #ωS (t) ( CC−1 )t .
The following corollary shows a criterion for the positivity of the entropy hλ and the topological entropy of the geodesic
ﬂow. This is a consequence of the consideration above, Lemma 4.1, Propositions 3.2 and 3.3.
Corollary 4.3. Let X , λ and Γ be as in Lemma 4.1. Assume that the group Γ is non-amenable. Then we have hλ > 0. Moreover if X is
assumed to be geodesically complete, then we have h(gΓ \X ) hλ > 0, and the equality holds if X is a Hadamard space.
Proof of Theorem 1.1. Corollary 4.3 (and Proposition 3.1) shall prove the theorem. 
We ﬁnally apply our theorem (Theorem 1.1) to the entropy of rank 1 orbispace. Recall some of the facts at our disposal.
Two geodesic rays c1 and c2 in a Hadamard metric space X are said to be asymptotic if there exists a constant K > 0
such that d(c1(t), c2(t)) K for all t ∈ [0,∞). The asymptotic relation deﬁnes an equivalence relation on the geodesic rays
in X , and we denote by X(∞) the set of equivalence classes of asymptotic geodesic rays. The set X(∞) will be called the
boundary at inﬁnity or ideal boundary for X . We can deﬁne a topology (due to Eberlein and O’Neil [10]), sometimes called
the cone topology, on X¯ = X ∪ X(∞) such that the induced topology on X is the original metric topology. Respecting this
topology, X¯ and X(∞) are compact if X is assumed to be proper.
Let X be a proper Hadamard metric space and Γ a group acting geometrically by isometries on X . The element γ ∈ Γ is
said to be rank 1 (in the sense of Ballmann and Brin [5]) if γ is axial and the corresponding axis does not bound a ﬂat half
plane, a convex subset of X isometric to the subset {y  0} ⊂ E2. After [5] we call an orbispace (X,Γ ) rank 1 if Γ contains
a rank 1 isometry.
Suppose that X(∞) contains more than two points and that (X,Γ ) is rank 1. Then Γ contains a free non-abelian
subgroup [5] and hence it is non-amenable. Combining this fact and Theorem 1.1, we obtain the following corollary.
Corollary 4.4. Let M = Γ \ X be a compact metric space of non-positive Alexandrov curvature such that X is a geodesically complete
Hadamard metric measure space endowed with a Borel measure λ having a locally bounded distribution and Γ is a group acting freely
and geometrically by isometries on X preserving the measure λ. Suppose X(∞) contains more than two points and (X,Γ ) has rank 1.
Then we have hλ = h(gM) > 0.
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